Abstract-Recent developments in vehicle stability control and active safety systems have led to an interest in reliable vehicle state estimation on various road conditions. This paper presents a novel method for tire force and velocity estimation at each corner to monitor tire capacities individually. This is entailed for more demanding advanced vehicle stability systems and especially in full autonomous driving in harsh maneuvers. By integrating the lumped LuGre tire model and the vehicle kinematics, it is shown that the proposed corner-based estimator does not require knowledge of the road friction and is robust to model uncertainties. The stability of the time-varying longitudinal and lateral velocity estimators is explored. The proposed method is experimentally validated in several maneuvers on different road surface frictions. The experimental results confirm the accuracy and robustness of the state estimators.
I. INTRODUCTION
Advanced vehicle stability control and active safety systems require dependable vehicle states, which may not be accessible by measurements and should be estimated. Two major practical issues that have dominated the vehicle state estimation field are velocity and tire force estimation robust to the road friction changes. Tire forces can be measured at each corner with sensors mounted on the wheel hub, but their significant cost, required space, and calibration and maintenance make them completely unfeasible for mass production vehicles. Provided that the tire force calculation needs road friction, even accurate slip ratio/angle information from the GPS will not engender forces at each corner. Hence, estimation of the longitudinal and lateral tire forces would be a remedy. Estimation of longitudinal and lateral forces independent from the road condition may be classified on the basis of wheel dynamics into the nonlinear and sliding mode observers [1] - [3] , Kalmanbased estimation [4] - [6] , and unknown input observers [7] - [9] . A force estimation method based on the steering torque measurement is introduced in [10] , [11] , which requires additional measurements. A high gain observer with inputoutput linearization is proposed by Gao et al. [12] to estimate the lateral states. An extended Kalman filter (EKF) is employed in [13] to estimate tire forces and road friction condition.
Longitudinal and lateral velocities make major contributions to traction and stability control systems, respectively. They can be measured with GPS, but the poor accuracy of the mostly practiced conventional GPSs and the loss of reception in some areas are primary drawbacks. Literature has adopted three major approaches for longitudinal/lateral velocity estimation. One is the modified kinematic-based approach, which uses acceleration and the yaw rate measurements from an inertial measurement unit (IMU) and estimates the vehicle velocities employing Kalman-based [14] , [15] , or nonlinear [16] observers. This method does not employ a tire model, but instead the sensor's bias and noise should be identified precisely to have a reliable estimation. In addition, lowexcitation cases that lead to erroneous estimation should be handled with this method. To increase the accuracy of the estimated heading and position, Farrell et al. [17] used the carrier-phase differential GPS, which requires a base tower and increases the cost significantly. To remove noises and address the low excitation scenarios, some kinematic-based methodologies [18] , [19] employ accurate GPS, which may be lost and impose additional costs on commercial vehicles. Yoon and Peng [20] utilize two low-cost GPS receivers for the lateral velocity estimation and compensate the low update rate issue of conventional GPS receivers by combining the IMU and GPS data using an EKF.
The other velocity estimation method integrates measured longitudinal/lateral accelerations and uses an observer on tire forces to correct the estimation. This approach requires a good perception of the road friction and a precise tire model. To deal with the varying tire parameters and model uncertainties, model scheduling is introduced in [21] and [22] using tire slips. A nonlinear observer is also provided in [23] with simultaneous bank angle estimation to address the unknown tire parameters. An EKF is employed for both longitudinal and lateral vehicle state estimations in [24] , [25] . EKF has been used in [26] along with the Burckhardt model [27] to estimate the vehicle states and tire model parameters; an EKF with smooth variable structure is also utilized in [28] to estimate lateral velocities and sideslip angles. Computational complexities of the EKF justify using a reliable approach such as the unscented Kalman filter (UKF) [29] without any need for linearization in system dynamics. Antonov et al. employ an unscented Kalman filter for vehicle state estimation in [30] and provided a longitudinal/lateral velocity estimator at each corner. They utilized wheel torques, wheel speeds, and a simplified empirical Magic formula [31] as the tire model, which requires known tire parameters and road friction. Similarly, employing UKF, Wielitzka et al. [32] and Sun et al. [33] propose different methods for estimation of the lateral and longitudinal velocities using knowledge of the road condition, Magic formula, and LuGre [34] tire models respectively.
On the other hand, to address unknown road friction,
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2 some literature attempted to identify the road condition and estimated vehicle states simultaneously. Grip et al. suggest a nonlinear sideslip angle observer in [35] and [36] that incorporates time-varying gains and estimates the vehicle states as well as the surface friction using a tire model. Their method should cope with the noises and uncertainties imposed by road identification errors due to the lack of excitation. You et al. [37] introduce an adaptive least square approach to jointly estimate the lateral velocities and tires' cornering stiffness (road friction terms). The road bank angle is also identified in their approach. However, lateral acceleration measurement noises have not been addressed. A sliding-mode observer is provided by Magallan et al. in [38] based on the LuGre tire model [34] to estimate the longitudinal velocity and the surface friction. Zhang et al. propose a sliding-mode observer in [39] to estimate velocities using wheel speed sensors, braking torque and longitudinal/lateral acceleration measurements. Their approach utilizes a sliding-mode observer for the velocity estimation and an EKF for estimation of the Burckhardt tire model's friction parameter. However, this method needs accurate tire parameters in presence of tire wear, inflation pressure, and road uncertainties. A switched nonlinear observer based on a simplified Pacejka tire model is introduced by Sun et al. [40] to provide estimates of longitudinal and lateral vehicle velocities and the tire-road friction coefficient during anti-lock braking. Their approach benefits from switching in specific cases because of unreliability of the measurements, but it relies on a predefined zero slip ratio for the longitudinal velocity measurement.
Other studies focus on the velocity estimation robust to the road condition, but implements additional measurements which are not common for conventional cars or require identification of tire parameters. Hsu et al. propose a method in [10] and [41] to estimate the road friction condition and sideslip angle using the steering torque sensor, which may not be applicable for all production vehicles. Nam et al. [42] present a sideslip angle estimation method with a recursive least squares algorithm to improve stability of in-wheel-motor-driven electric vehicles, but their approach uses force measurements from the multisensing hub units, which are not available for all electric and conventional cars. Gadola et al. investigate a Kalman-based lateral vehicle estimation on a single-track car model in [43] with the Magic formula tire model. The derivatives of the lateral forces in their approach, however, may amplify noise effects in the lateral/longitudinal state estimates.
Therefore, developing an observer-based vehicle state estimator using conventional sensor measurement (wheel speed, steering angle, and IMU) without using road friction information is desirable and provided in this paper.
II. PROPOSED CORNER-BASED ESTIMATION STRUCTURE
This paper provides different observers for the vehicle state estimation on various road friction with the following distinct contributions:
• Longitudinal, lateral, and vertical tire-free force estimators are developed using computationally efficient nonlinear observers and common measurements without any limiting assumption on the lateral force distribution proportional to the vertical loads on a track.
• A novel parameter-varying observer for the velocity estimation, robust to road friction changes, is introduced which treats acceleration measurement noises and the road condition as uncertainties.
• The newly introduced velocity estimator can be utilized in many road identification approaches [3] , [13] , [44] , [45] . However, those references usually employ the slip ratio/angle measurement from accurate GPS data, that is not available for production vehicles.
• The corner-based structure of the longitudinal/lateral force and velocity estimators advantageously leads to better performance of the stability and traction control systems which need slip ratio/angle at each corner • The combined kinematic and model-based algorithm for estimation of the sideslip angle and slip ratio has a modular structure which can employ any force estimation module.
The corner-based state estimation structure is illustrated in Fig. 1 , in which the estimations from Longitudinal Force Est and Lateral Force Est modules are fed to the observerbased velocity estimators. Longitudinal, lateral, and vertical force estimators in this article are developed using nonlinear and Kalman-based observers. The longitudinal force estimators uses total torques and wheel speeds at each corner. The UKFbased lateral force estimator employs vehicle lateral dynamics, acceleration measurements, steering, and the yaw rate. Vertical forces at each corner from Normal Force Est are obtained by load transfer, vehicle angles and accelerations; vertical forces are utilized for normalization of the longitudinal and lateral forces in the velocity estimators. In the newly proposed Longitudinal Velocity Est and Lateral Velocity Est modules, kinematic-based approach is combined with the internal tire states considering road friction and measurement noises as uncertainties. The longitudinal and lateral velocity estimators use accelerations, yaw rate, steering angle, roll dynamics, estimated tire forces, and provide slip angle/ratio at each tire. Measured accelerations by IMU attached to the sprung mass are corrected with the vehicle's body pitch and roll angles from Pitch/Roll Angle Est to include only the kinematics of the motion. These corrected values are then used for the normal force and velocity estimators.
Finally, the proposed approach is experimentally validated on various road conditions using a full-size test vehicle.
In the following, a corner-based methodology for the longitudinal, lateral, and normal force estimation is first discussed in section III. The suggested observer-based longitudinal and lateral velocity estimator is then provided in section IV. The stability and performance of the linear parameter-varying error dynamic system is also investigated in this section. Section V presents experimental results used to verify the approach on different road conditions and in various maneuvers with high and low longitudinal/lateral excitations. Finally, conclusions are provided. An observer for the longitudinal force and an unscented Kalman filter for the lateral force estimation are designed in this section. Vertical forces are estimated using vehicle body dynamics, the load transfer, and the acceleration measurements.
A. Longitudinal force estimation
Longitudinal force estimation significantly contributes to vehicle stability control. When the total torque at each wheel is available, wheel dynamics can be utilized for the force estimation. Neglecting the bearing's viscous damping, one can write the wheel dynamic equation at each corner as (1) in the coordinates attached to the tires: (Fig. 2) :
where R e is the wheel effective radius, T tij represents the total effective torque on each wheel, F xij is the longitudinal tire force at each corner in the coordinate frame attached to the tires [46] ,ω ij is the wheel acceleration, I w is the wheel's moment of inertia and Ω f represents uncertainties in the model including the wheel acceleration, torque, etc. A corner-based estimation approach proposed in this section for the longitudinal force estimation uses a PID state observer [47] - [50] that has also been used in other applications. The suggested estimator uses wheel torques T tij and speed ω ij at each corner and provide an estimated wheel speedω ij to estimate longitudinal tire force:
where i ∈ {f, r} (front and rear axles), j ∈ {L, R} (left and right tires), η 1 , η 3 are design parameters, and the estimated wheel speed error is (e ωij = ω ij −ω ij ) whereω ij will be described in the following. Subtracting the longitudinal force (1) from the estimated force (2), the longitudinal force estimation error e Fij = F xij −F xij can be described as e Fij = −η 3 e Fij dt + η 1 e ωij + Ω f . The time derivative of the error dynamic yields:
where the estimated wheel speedω at each corner ij is described as:
in which η 2 is another design parameter for this observer. The estimated wheel speedω ij is an auxiliary term for longitudinal force estimation. SubstitutingF xij from (2) in (4), one can rewrite:ω
The deviation of the estimated wheel speed from the measured one is denoted by e ω and incorporated for the force estimation as in (2) . In the implementation setup, the term e Fij dt is attainable by the updated measurement
at the current time step and the longitudinal force estimatesF xij from the previous time step, due to the fact that the uncertainty term Ω f is mostly contributed to the wheel torque which is zero mean, its integral over time will eliminate the effect of Ω f .
Proposition 1: The estimation error for the longitudinal force estimator (2) is asymptotically bounded by sup t≥0
Proof: : Subtracting the estimated wheel speed (4) from the speed by the wheel dynamics (1), i.e.,ω ij = 1 Iw T tij − R e (F xij − Ω f ) , results in I wėωij = −R e e Fij + R e Ω f − η 2 e ωij − R e η 3 e Fij dt. Taking time derivative and replacing the error dynamics (3) yield:
which is in the following state-space form
where K is Hurwitz and (7) is exponentially stable provided η 1 , η 2 > 0, therefore, e ωij → 0 andė ωij → 0. Thus, the estimation error dynamics (3) asymptotically turns tȯ
that is an exponentially stable dynamic for ∀η 3 > 0. By solving (8) we get e Fij (t) = e −η3t e Fij (0) +Ω f η3 . As e −η3t e Fij (0) exponentially converges to zero, e Fij (t) will be asymptotically bounded by sup t≥0
Based on several road experiments on various road frictions, the designed observer has the gain η 3 = 50.6 and the order ofΩ f is obtained asΩ f = O(10 2 ). Other observer gains are provided in section V. Longitudinal force estimates (2) will be normalized by (13) to be implemented in the longitudinal velocity estimator (24) .
B. Lateral force estimation
Lateral tire forces are required for the vehicle stability control systems as well as the lateral velocity estimators. Lateral forces are estimated in this paper employing an unscented Kalman filter (UKF), using acceleration and yaw rate measurements, and vehicle's lateral dynamics. Figure 2 depicts longitudinal/lateral forces and slip angles at each corner in the xyz coordinates attached to the vehicle body for the doubletrack vehicle model used in this study. 
Used for VxVy
(the sum of longitudinal/lateral forces at each axle), vehicle's lateral dynamics with the measured acceleration and yaw rate in the body-fixed coordinates xyz can be expressed as:
in which δ is the steering angle (with parallel steering in front wheels). Distances from the front and rear axles' to CG are
Longitudinal forces at each corner F xij are assumed to be available from (2) in the previous subsection. The set of equations (9) can be solved for the lateral forces F yij at each corner with the assumption of lateral force distribution based on the normal forces, but this may not address maneuvers in which road friction under each tire is different. To resolve this, an estimation method for lateral forces is proposed in this section that uses longitudinal forces, accelerations a x , a y , and the yaw rate r measurements from a 3-axis IMU. The measured longitudinal and lateral accelerations include the kinematics of the vehicle's CG V x , V y , vehicle's body pitch/roll angles θ v , φ v , and road grade/bank angles θ r , φ r as in a x =V x − rV y + g sin(θ v + θ r ) and a y =V y + rV x + g sin(φ v + φ r ). The vehicle and road angles are estimated by an unknown input observer in [51] .
The set of equations (9) can be rewritten in the following form to obtain the newly introduced lateral force estimator:
T , and uncertainties in the process and measurements are denoted byΩ andΓ. Acceleration measurements a x , a y are corrected with the road and body's roll/pitch angles as:
Measured accelerations a x , a y usually have bias and noises which can be addressed by a bias-removal method in high or low excitations or observer-based approaches [15] . The matrix C(δ) in (10) is time-varying and physically bounded (because of the steering angle and its derivative). Thus, the observability matrix for the time-varying system (10) can be written as [52] , [53] :
Observability of the system (10) is confirmed by holding the full rank condition rank(O 3 ) = 3 for the operating regions of the steering angle and its time derivatives, except for the case where δ = 0, kπ for integer values of k. For the case where δ = 0 we have rank(C) = 2. However, in this case there is no lateral force applied to the tire. Moreover, situations δ = kπ do not take place, due to the fact that the maximum value of the steering angle is much less than π/2. Observability is a sufficient condition for implementation of an optimal variance filter (such as a Kalman estimator). Therefore, a Kalman-based observer can be employed on the discretized form of (10). The Gaussian and uncorrelated measurement/process noise are also required for such Kalman estimator. The unscented Kalman filter [29] , [54] is used in this study to include non-Gaussian noises. Remark 1: In general, discretization of the continuous-time systemẋ = A c x + B c u with the output y = C c x + D c u is done by the zero-order hold method [55] , because of its precision and response characteristics. Input to the continuoustime system is the hold signal u k = u(t k ) for a period between t k ≤ t < t k+1 with the sample time T s . Then, the discretetime system has the output matrices
The unscented Kalman filter is utilized on the discretized from of (10) for the lateral force estimation at each corner. The UKF employs a transformation to include nonlinear characteristics of the systemx
with process and measurement uncertaintiesΩ k ,Γ k and the
in a recursive estimation procedure. The force estimator's process and measurements arex k+1 =Ā dxk +Ω k and y k =C dxk +Γ k whereĀ d ,C d are the state and output matrices of the discrete-time estimator (10) .
The following procedure illustrates the lateral force estimation with UKF in which the proper capturing of nonlinearities contributed to the unscented transformation that defines Sigma vectors Σ ∈ R N ×2N +1 (N is the length of the state vectors) aroundx. This propagation yields nonlinear stochastic characteristics of the random variables and results in getting the posterior mean and covariance up to second-order approximation [56] , [57] . The square root factorization of the covariance matrix P k−1 is obtained by Cholesky decomposition at each time step k. Spread of the sigma points far from the mean values of random variables (states) are shown by the scalar τ . It is defined in [56] 
Optimal prediction of the mean, output, and covariance:
T + R k State and covariance update:
Optimality and convergence of the UKF state estimation method is discussed in [54] , [56] and makes this method appropriate for such force estimation with road uncertainties and measurement noises.
The velocity estimator in the next section requires normalization of the longitudinal/lateral forces at each corner. Thus, estimated forces are normalized as
at each corner ij using calculated vertical forces in the vehicle coordinate frame. Lateral force estimates from (10) is normalized by (13) to be implemented in the lateral velocity estimator (38) .
C. Vertical force calculation
Estimated longitudinal/lateral forces in (2) and (10) should be normalized to be utilized in the velocity estimator robust to the road condition, which will be explored in the next section. Normal (vertical) forces at each axle/tire and longitudinal/lateral dynamics are schematically illustrated in Fig. 2 b. The effects of the vehicle body's vertical motion and the roll/pitch angles are not commonly considered in the existing vertical force estimation methods [4] , [5] . To tackle this issue, the vertical force estimator module is developed in this paper using vehicle dynamics and incorporation of the vehicle angles. The longitudinal and vertical acceleration components of the longitudinal dynamics are defined as follows in the body-fixed coordinates:ā
where a x , a z are the measured longitudinal and vertical accelerations by an IMU attached to the sprung mass, which are influenced by the kinematics of the vehicle's CG, vehicle pitch angle θ v , and the road grade angle θ r . Normal forces at front and rear axles, thus can be calculated by:
where the vehicle's body pitch is denoted by θ v , and h CG is the height of the vehicle's center of gravity. Similarly, the lateral and vertical acceleration components of the lateral dynamics in the body-fixed coordinates are defined by:
in which φ v is the vehicle's body roll angle and a y is the measured lateral acceleration by IMU which contains the kinematics of the vehicle's CG, vehicle roll φ v angle, and the road bank angle φ r . Therefore, using (15) and defining equivalent masses at each axle m i = Fz i g , i ∈ {f, r} (front and rear axles), the normal forces at each corner becomes:
in which h rc is the height of the roll center, T ri represents the front and rear track widths (i.e. T r f , T rr ), and left and right sides are denoted by L, R.
IV. VELOCITY ESTIMATION
This section presents a velocity estimation methodology robust to the road friction. As conferred in section I, because of difficulties in dealing with time-varying tire parameters and unknown road conditions, conventional kinematic-based velocity estimators employ acceleration measurement and rely on GPS data intermittently. Linear, Kalman-based, or nonlinear observers are used in such kinematic methods [15] , [16] , [19] without using a tire model. Solving the longitudinal V x = a x + rV y + ϑ x and lateralV y = a y − rV x + ϑ y kinematics with removing bias and noises ϑ x , ϑ y from using GPS, the kinematic methods estimate the longitudinal and lateral velocities V x , V y . However, using an accurate GPS device and unavailability of reliable signals in many circumstances imposes extra costs and uncertainties for production vehicles. On the other hand, the performance of the velocity estimators based on tire forces is practically limited because of uncertain road friction and tire parameters, especially for saturation regions. Consequently, the kinematic approach is combined with the LuGre model's internal states at each corner in this section to tackle these issues.
The average lumped LuGre model [58] is utilized in this study to estimate velocities because of its accuracy and the dynamics on its internal states. This model symbolizes the distributed force over the patch line with some simplifications of normal force distribution. The internal statez q for each direction q ∈ {x, y} in the pure-slip model is described as:
in which σ 0q , σ 1q , σ 2q are the rubber stiffness, damping, and relative viscous damping in longitudinal/lateral directions, respectively. R e is the rolling radius and the normalized force of the averaged lumped pure-slip LuGre model for each direction is denoted by µ q . The force distribution along the patch line is represented by parameter κ q in the average lumped model and can be a function of time, a constant, or may be approximated by an asymmetric trapezoidal scheme. The suggested value for κ q in [58] is κ q = 7 6Lt , where L t is the tire patch length. The function, g(v rq ) in the pure slip model is defined for the longitudinal and lateral directions as
Vs |ᾱ , in which µ c , µ s are the normalized Coulomb friction and static friction, respectively. The vehicle stability is analysed with the pure and combinedslip LuGre tire models in [59] . The Stribeck velocity V s shows the transition between these two friction states. The tire parameterᾱ = 0.5 is assumed for this study. The longitudinal/lateral relative velocities are defined by v rx = R e ω − v xt and v ry = −v yt respectively. These relative velocities at the tire coordinates of the LuGre model represent the slip ratio λ = Reω−vxt max{Reω,vxt} and slip angle α = tan −1 vyt vxt in the mostly used tire models such as Burckhardt [27] and Pacejka [31] models. The level of tire and road adhesion is represented by introducing the road classification factor θ which may vary between 0 < θ ≤ 1 according to dry, wet, and icy conditions. Chen and Wang [60] suggested a recursive least square (RLS) estimator and an adaptive control law with a parameter projection approach for identification of this road classification parameter. Identification of this factor is also addressed in [38] by a sliding mode observer for estimation of the maximum transmissible torque and wheel slip. The unknown road friction term σ0q|vrq| θg(vrq)z q and changes in the rolling radius are unknown, considered as uncertainty terms, and will be described in the following subsections.
A. Longitudinal velocity estimation
The LuGre model's internal states (18) can be written in the presence of uncertainty Ω z (t) as follows at each corner (tire) for the longitudinal direction:
Uncertainty Ω zx is replaced with the road friction term σ0x|vrx| θg(vrx)z x and is bounded. Moreover, the derivative of the relative velocity is also corrupted due to the sensor noise and bias [61] :v
in whichω is the wheel's rotational acceleration andv xt represents the longitudinal acceleration in the tire coordinate system.v xt is obtained from first, transformation of the corrected accelerationā x + rV y from CG to corners whereā x from (11) only contains the kinematic part, then, projection of the corner's acceleration into the tire coordinates. The term Ω ax shows the deviation of the measured relative acceleration R eω −v xt fromv rx because of the sensor noises. Establishing these equations allow the development of an observer to incorporate both tire deflections (20) and relative velocities (21) concurrently. The general form of the system dynamics is given as follows: 
Thereby, the estimated output can be written asμ x = C x (ω)x. Using the modified longitudinal kinematics (22) the following observer is proposed for the velocity estimation:
where
T is the observer gain matrix and µ x represents the normalized longitudinal forces discussed in section III. Taking into account that the systems dynamic is time-varying with respect to the wheel speed, the suggested 7 estimation method must be designed for the corresponding uncertain LPV system.
The bounded time-varying parameter is the wheel speed ω : R ≥0 → S p where S p is the set of vertices of the parameter interval [ω l , ω u ] and the parameter varying state transition matrix is A x (ω) ∈ R 2×2 . The error dynamicsė x =ẋ −ẋ from (22) and (24) yields:
1) Estimator's stability analysis: The objective of this subsection is to show that the error dynamics (25) is affinely quadratically stable over all possible trajectories of ω. The state matrix A ex (ω) is said to be affinely dependent on the parameter ω when known and fixed matrices A 0x and A 1x exist such that A ex (ω) = A 0x + ωA 1x . The error dynamic matrix for both lateral and longitudinal directions q ∈ {x, y} is introduced as:
where p 1q = σ 1q + σ 2q and p 2q = L 1q σ 1q − 1. The bounded time-varying parameter and its time derivatives are in the sets
A linear system like (25) is affinely quadratically stable over all possible trajectories of the parameter vector ω(t) if A ex (ω m ) is stable (ω m is the average value of ω over the parameter span) and there exists an affine positive definite Lyapunov function
with P (ω) = P 0 + ωP 1 > 0 such that dV (ω,ω)/dt < 0 for all initial conditions x 0 and the additional multi-convexity constraint A
for all (ω,ω) ∈ S p × S r where S r is the set of corners of the rate in [ω l ,ω u ]. The affine quadratic stability condition implements the variation rateω(t), which makes it less conservative than the quadratic stability criteria. The error dynamics is affinely quadratically stable for the two sets of observer gains L 1x ∈ [0.5, 0.9], L 2x ∈ [60, 210], obtained by several simulations and experimental tests on different road conditions and the vehicle parameters listed in Table I . Moreover, a rigorous method for determining the LPV observer gains is provided in the next subsection.
Stability of the system (25) 
2) Estimator's performance analysis: The objective is to find the observer gains such that the ratio of the estimation error to the disturbance energy is minimized considering the fact that the process disturbance Ω zx and the measurement disturbance Ω ax are bounded. Given a compact set ω ∈ [ω l , ω u ] and a bounded rate of variation of |ω| < ζ ω , for some ζ ω > 0 the system (25) is robustly exponentially stable if there exist a continuously differentiable positive definite matrix P (ω) and a matrix χ(ω) such that the following LMI holds:
where the symmetric terms are denoted by * and ϕ is:
In order to isolate the observer gain effect, B ex can be written as
The induced L 2 norm from the input disturbance to the output error is less than the performance level γ > 0. The LMI (30) is obtained by taking derivative of the Lyapunov function V (e x , ω) = e T x P (ω)e x , imposing the condition ϕ(ω) < 0, and using the Bounded Real Lemma. Employing χ(ω) = P (ω)L x , one can rewrite:
The LMI (30) guarantees thatV + e T x e x − γ 2 Ω T x Ω x < 0. The set of gains will be calculated by L x = P (ω) −1 χ(ω). The infinite dimensional parameter-varying LMI (30) with ϕ(ω) from (32) can explicitly be expressed in a finite dimensional 8 problem with the parametric matrices and using appropriate basis functions. The positive definite matrix P and matrix ϕ are defined as P (ω) := Table I . The YALMIP package [63] is integrated with MOSEK to solve the LMIs.
Used for VxVy The estimated relative longitudinal velocitiesv rxij at each corner from (24) are used for the longitudinal velocity estimation at the tire coordinates asv xtij = R e ω ij −v rxij . Afterward, each corner's longitudinal velocity in the vehicle coordinateŝ v xij yields:v xij =v xtij cos δ −v ytij sin δ (33) in which δ is the steering angle at corners and the estimated lateral velocity at each corner's tire coordinates is denoted byv ytij . The corner-based lateral velocity estimation will be described in the next subsection. To tackle the high slip conditions and provide a smooth estimation with removing outliers, weighted estimated longitudinal velocities at each corner are used for the estimation of the vehicle speed,V x . Specifically, each axles' longitudinal velocities are defined byv x f andv xr that are the mean values betweenv x f L ,v x f R for the front axle andv x rL ,v x rR for the rear axle respectively. Then, the longitudinal velocity of the vehicleV x at CG is achievable by adaptive weighted velocity mapping method, which is allocating adaptive weights W 
and
x where i ∈ {f, r} and −i represents another axle i.e. −i ∈ {r, f }. The weight range coefficient is W x = (W ubx −W lbx )/π where upper and lower bounds on the allocated weights are expressed byW ubx ,W lbx . The slip ratio threshold at which the weight of each axle is the same is denoted by λ w th . The maximum slip ratio of axles is used to allocate a smaller weight to an axle with higher slip ratio; it is achievable by
where Σ x i = |λ iL | + |λ iR | is defined for an axle and Σ x −i = |λ −iL | + |λ −iR | is written for another axle. The shape of the axle's weight function can change with the parameters ρ wx and the static weight W sx . Afterward, the calculated velocity at CG is remapped again to each corner to have slip ratios for the stability and traction control systems.
B. Lateral velocity estimation
The LuGre output equation for the lateral direction can be described as follows with states x l = [z y v ry ]
T :
Employing the lateral LuGre internal state from (18) and the relative lateral accelerationv ry = −v yt + Ω ay with the projected lateral accelerationv yt in the tire coordinate system, the newly proposed lateral dynamics can be developed.v yt is obtained from first, transformation of the corrected acceleration a y −rV x from CG to corners whereā y from (11) only includes the kinematic part, then, projection of the corner's acceleration into the tire coordinates. Therefore, (22) can be rewritten for the lateral direction as: T . The state estimator can be expressed as follows for the lateral direction:ẋ
The error dynamics is then developed as:
where A ey = (A y − L y C y ). The error dynamics (39) for the proposed lateral velocity estimator represents a linear parameter-varying system and its stability can be investigated using the affine quadratic stability criteria discussed in the previous subsection. Remark 2: The error dynamics (39) is affinely quadratically stable over all possible trajectories of ω. Analogous to the longitudinal case, the state matrix A ey (ω) can be written in the affine form A ey (ω) = A 0y +ωA ly with the fixed matrices A 0y and A 1y from (26) . A ey (ω m ) is stable and there exists an affine positive definite Lyapunov function V (e y , ω) = e T y P (ω)e y with P (ω) = P 0 + ωP 1 > 0 such that dV (ω,ω)/dt < 0 9 for all initial conditions x l0 and the additional multi-convexity constraint A T 1y P 1 + P 1 A 1y ≥ 0 holds. The conditionV < 0 resembles
The error dynamics is affinely quadratically stable for the two sets of observer gains L 1y ∈ [0.8, Table I , and the affinely dependent form of (26) , solving (40) 
wherev ytij andv xtij are the estimated lateral and longitudinal velocities at the tire coordinates respectively. The lateral velocity in the tire coordinates isv ytij = −v ryij and the relative velocityv ryij is obtained from (38) at each corner. The lateral velocities at each cornerv yij are then utilized for definition of the front and rear axle's lateral velocitieŝ v y f ,v yr respectively. Each axle's lateral velocities are obtained byv y f = −rL f + (v y f L +v y f R )/2 for the front axle and v yr = rL r + (v y rL +v y rR )/2 for the rear axle. Similar to the longitudinal case, using weighted estimated axles' lateral velocities, the vehicle lateral velocityV y at the CG is expressed as follows:V
where W f y and W r y are adaptive weights for each axle and are defined similar to the longitudinal case (34), but with respect to the maximum slip angle at each axle as in
with the slip angles threshold α w th . The weight range coefficient for the lateral direction is denoted byW y = (W uby − W lby )/π with the upper and lower boundsW uby ,W lby . Parameters ρ wy and W sy are introduced to change the shape of the lateral axle's weight function. To address the high slip angle scenarios and provide smooth estimation, the maximum slip angle of axles α am = max{Σ y i , Σ y −i } are utilized to allocate a smaller weight to an axle with higher slip angle. Each axle's slip angle is defined by
Experimental results of the developed force and velocity estimators with weighted axles' velocity scheme are provided in the next section.
V. RESULTS AND DISCUSSION This section includes experimental tests for validation of the longitudinal and lateral state estimators on an instrumented SUV with the specifications given in Table I . The test platform is a four-wheel-independent-drive electric vehicle.
The RT2500 6-axis GPS and IMU system and the Tire Force/Moment Measurement module are used for validation of the longitudinal, lateral, and vertical force estimators. The Controller & Estimator module requires longitudinal and lateral accelerations, yaw rate, wheel speed as well as the wheel torques, which are measured using an IMU, regular ABS wheel speed sensors, and electric actuators respectively as shown in Fig. 5 . Measured signals are communicated using a CAN-bus. Real-time acquisition and processing of sensory information and the developed algorithm is done using the dSPACE R MicroAutobox. The dSPACE compiles measurements for MATLAB/SIMULINK, and the controller provides control signals for the dSPACE as well. Visualization of the experiment results is performed through the ControlDesk. The sampling frequency for the experiment is set to be 200 [Hz] .
First, road experiments using a four independent wheel drive SUV are used in this section to evaluate the force estimation methods, then the performance of the proposed velocity estimator is studied. To validate the estimated forces, this vehicle is equipped with additional sensors for direct measurement of tire forces and moments at each corner.
A. Force estimation results
In order to assess the proposed approach in combined-slip conditions, in which the tire capacities are reduced due to high slip ratio as well the high slip angles in each longitudinal/lateral direction, a harsh lane change (LC) maneuver is performed. Experimental results of the force estimation at the front-right wheel in a harsh LC maneuver on the wet road are demonstrated in Fig. 6a and compared with the measurement. The performed combined-slip maneuver is harsh, but the Used for VxVy Performance of the lateral and vertical force estimators on dry and slippery surfaces is examined in several road experiments with the process and measurement noise covariance matricesQ = 0.13 2 I 3×3 ,R = 0.012 2 I 3×3 for the lateral case. Results of the proposed force estimator in a lane change on the dry road is presented in Fig. 7 and compared The measured accelerations and yaw rate are also provided to show the characteristics of the test. Accuracy of the developed estimators are evaluated in different maneuvers with the normalized root mean square of NRMS the error defined by:
where the estimated and measured signals are denoted by s and s respectively, N s is the number of collected signal samples during a driving scenario (DLC, BiT, LC etc.), and s m = max i=1...Ns |s i | shows the maximum value of the measured signal.
A harsh steering on an icy road is done and the results of the front left corner are illustrated for the All-Wheel-Drive (AWD) case in Fig. 8 . The maneuver ended up on a surface with packed snow which is highly slippery itself with µ ≈ 0.3. The vehicle longitudinal velocity is 6.1 ≤ V x ≤ 7.7[m/s] for this test.
In summary, Table II provides the maximum and NRMS of the longitudinal, lateral, and vertical forces in different driving scenarios and on various road frictions. Table II substantiates that the NRMS of the estimated longitudinal forces is less than 7.4% for the performed maneuvers on dry, wet, and snowy roads. This normalized error is ε n ≤ 7.1% for the lateral forces and ε n ≤ 4% for the vertical forces respectively. These normalized RM S of the errors confirm effectiveness of the algorithm for the corner-based force estimation on dry and slippery roads. Observed errors between the measured and estimated forces in Table II for the force estimators may have several sources such as camber angle, which has not been modeled in the estimation algorithm. Moreover, inaccurate inertial parameters and uncertainties in the CG location contribute to such errors.
B. Velocity estimation results
So far, outcomes of the force estimators are investigated. In the following, several driving scenarios such as launch on ice, lane change (LC) with harsh steering, and acceleration-inturn (AiT) are examined on various roads and experimental results of the proposed velocity estimators (24) , (38) 1) Launch on split-µ: Longitudinal velocity estimator is examined in a harsh launch maneuver on a surface, which have two different friction conditions on the left and right sides and the results are shown in Fig. 9 . The right wheels are on an icy road with µ ≈ 0.2, the left wheels are on a dry road, and the powertrain configuration is AWD. Figure 9 demonstrates good performance of the longitudinal velocity estimator validated by the measurement from the accurate GPS at the vehicle's CG. It also shows wheel speeds on dry and icy roads. Proper time-varying observer gains and track's weighted velocities lead to the observed smooth and accurate velocity estimation at the vehicle CG and consequently at corners for such high-slip conditions.
2) Steering on dry and snowy roads: Fig. 10 demonstrates velocity estimation results in a lane change (LC) on snow and ice for the AWD configuration.
Fluctuations of the measured lateral acceleration in Fig. 10b and sudden changes of the vehicle yaw rate in Fig. 10c substantiate arduous characteristics of the driving scenario. Longitudinal and lateral velocity estimators' results show correspondence with the measured GPS data for such severe maneuver on a slippery surface and can be used for traction and stability control systems.
The provided experimental tests have been conducted so far on a vehicle with AWD configuration. The proposed estimator can be utilized on vehicles with different driving axle configurations i.e. Rear and Forward-Wheel-Drive (RWD, FWD). In order to evaluate the outcomes of the velocity estimator, a maneuver on a dry road with an oval shape has been performed and results are validated with the measured GPS velocities in Fig. 11 The measured accelerations and yaw rate in Fig. 11 resemble a harsh combined-slip maneuver with several oval steering and acceleration/deceleration, however the estimation outcome is accurate. 3) Acceleration-in-turn on dry and wet roads: To study the velocity estimator's performance in combined-slip conditions, an acceleration-in-turn (AiT) scenario with AWD configuration is done on the dry road and results of the lateral velocity estimator are provided in Fig. 12 As can be seen from Fig. 12 , high oscillations exist both in the lateral and longitudinal accelerations because of this harsh maneuver on a dry road and consequent high slip ratio regions, which reduce the lateral tire capacities significantly. The wheel speed and consequently the slip ratio increases significantly between t = 5 and t = 7[s], but the proposed lateral state estimation methodology handles these situations and exhibit 4WD, AiT on dry_20140417_test011 The maneuver is demanding because of the reduction effect of the longitudinal slip on the tire lateral capacity and the transition between the dry and slippery surfaces, but the 13 estimators provide smooth results because of the weighted tracks' velocities and time-varying observer gains.
Performance of the longitudinal and lateral velocity estimators are investigated in Table III for vehicle with AWD and RWD traction configurations in different driving conditions. The corner-based state estimators with the adaptive weighted velocity mapping modules (34) , (43) based on the slip ratio/angle can handle dry and slippery roads with error NRMS ε n < 7.4% for the force and error NRMS ε n < 6.3% for the velocity estimation. The state estimators exhibit reliable performance for the maneuver with the pure-slip characteristics (i.e. launch, normal driving, acceleration/deceleration) as well as the combined-slip ones (i.e. acceleration-in-turn and brakein-turn), in which the tire capacities reduces significantly both in the lateral and longitudinal directions.
VI. CONCLUSION
This paper has proposed a method to estimate the vehicle states at each corner robust to road conditions. An observer is provided on the wheel dynamics for the longitudinal force estimation at each corner and its stability is discussed. Lateral tire forces are estimated utilizing UKF on the handling dynamics and without any assumption on the lateral force distribution. Vertical tire forces were calculated at each corner employing the roll and pitch effects of the vehicle sprung mass. To tackle the limitations of the kinematic and modelbased velocity estimation approaches, the average Lumped LuGre model and the kinematics are coupled at each corner to estimate the longitudinal and lateral velocities.
Several road experiments with normal and harsh driving conditions have been conducted on dry and slippery roads to validate the approach. Based on the road experiment results on an instrumented vehicle, the following conclusions can be made:
The presented corner-based longitudinal/lateral force and velocity estimation robust to the road conditions is an advantage over estimators on double track models because it can exhibit saturation and capacity conditions of all tires. The proposed force estimator does not implement any tire model and is independent from changes in the road friction or tire parameters due to wear, inflation pressure, temperature, etc. In addition, the suggested UKF-based lateral force estimators can address the cases in which tires are on surfaces with various road friction.
Utilizing the dynamics on the LuGre's internal deflection states, the proposed corner-based velocity estimators form a linear parameter-varying model with the road friction as uncertainties. The stability of the velocity estimators' error dynamics is investigated with the affine quadratic stability approach. An observer was designed as well with variable gains with respect to the wheel speed. One significant advantage of the suggested velocity estimator is that a unidirectional lumped LuGre model could be used instead of the combined one since the term containing the combined friction model i.e. σ0q|Vrq| θg(Vrq)z q was considered as uncertainty.
The results of the road experiments on different road conditions substantiate that the algorithm can handle different vehicle traction configurations i.e. AWD and RWD. This preeminence of the algorithm makes it appropriate for a wide range of vehicles' traction configurations.
The algorithm can be integrated with various active safety systems (e.g. stability control, traction control, and roll over prevention), or road angle estimators, to ensure reliable performance of such systems in presence of model uncertainties and road friction changes. In addition, while preserving the overall structure of the estimation, one can replace or modify estimators independently because of the modularity of the developed structure.
Observed inconsistencies in some tests of the proposed estimation approach are due to the lack of a general chassis model, a limitation to be addressed in future work, using the vehicle generalized force model. Moreover, wheel torques need to be estimated using accelerations and engine/brake torques to be able to utilize the proposed estimation structure for conventional vehicles.
Note for the esteemed reviewer(s): The conclusions on performance of the observer in presence of faulty measurements had been removed from here on the previously revised manuscript.
